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A COUNTEREXAMPLE TO THE MIZOHATA-TAKEUCHI CONJECTURE

HANNAH CAIRO

ABSTRACT. We derive a family of LP estimates of the X-Ray transform of positive measures in
R4, which we use to construct a log R-loss counterexample to the Mizohata-Takeuchi conjecture
for every C? hypersurface in R% that does not lie in a hyperplane. In particular, multilinear
restriction estimates at the endpoint cannot be sharpened directly by the Mizohata-Takeuchi
conjecture.

1. INTRODUCTION
Let ¥ < R? be a compact C? hypersurface with measure ds. The extension operator & :
L'(%;ds) — L®(R?) is defined by

[££](x) = f e~ 2@ £(6)do(s)

b
The Mizohata-Takeuchi conjecture can be stated as follows:

Conjecture 1.1 (Mizohata-Takeuchi). Let ¥ be any C? hypersurface in R? with surface measure
do. Let f e L?(X,do) and let w : R? — R be a nonnegative weight. Then we have

2 2
| 1er@F w@de < 17 xman Xl (11)
where Xw denotes the X-Ray transform of w.

The primary result of this paper is the following counterexample to the Mizohata-Takeuchi
conjecture with log R-loss:

Theorem 1.2 (Counterexample). For any C? hypersurface X that is not a plane, there is some
f € L*(X;do) and nonnegative weight wgrR? — Rxq so that the following holds.

| s
Br(0)
Conjecture [ originally arose in the study of well-posedness for dispersive PDE ([Tak74; Tak8(;

2
["w(z)dz 2 logRHfHQN(Z;dU)é sup Lw

cR? a line

IMiz85]). Since then, the Mizohata-Takeuchi conjecture has taken on an important role in Fourier

restriction theory for a few reasons, which we enumerate below.

1.1. Multilinear Restriction Estimates. In 2006, the following multilinear form of the restric-

tion conjecture was formulated by [BCTO6]:

Conjecture 1.3 (Multilinear Restriction). Let {U; : j € [d]} be a collection of C? hypersurfaces
in R?, so that the normal to U; at any point is within &> of the z;-axis. Let &; denote the

100
. . 2d / ~ q(d=1)
corresponding extension operators. Then, for each ¢ > 0,q > T3 and p’ < S,
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d
H ‘9] HLp(UJ

La/d(B(0,R)) =1
for all g; € LP (U;),1<j<d,and all R > 1

795

Currently, Conjecture has been proven away from the endpoint (|Tao20]) and up to R® losses
at the endpoint (|[BCTO06]).

In a recent paper, [CHV23] (see also [CHV18]) developed a general functional-analytic approach
to dual formulations of multilinear estimates. In particular, they showed that The Mizohata-
Takeuchi Conjecture implies Conjecture [[3] without R® losses, using the endpoint multilinear
Kakeya inequality of Guth (|Gut10]).

Theorem [[L2] therefore shows that it is not possible to use this approach to prove Conjecture .3

1.2. Stein’s Conjecture. In 1978, it was suggested by Stein (|Ste79]) that Kakeya or Nikodym
maximal functions may control the behavior of Bochner-Riesz multipliers (see [BCSV06] and the
references therein for the history of this approach).

In the 1990’s, several papers (see [CRS92; BRVIT; I(CS97b; ICS974] and the references therein)
were written on the subject, and the following conjecture has become known as Stein’s conjecture:

Conjecture 1.4 (Stein’s Conjecture). Under the hypotheses of Conjecture [Tl the following holds:

| lerPuds < [ 1P suwp Xu(do(o) (12
Rd b £IN(s)

It is worthwhile for historical purposes to note that Stein originally posed several different forms
of this inequality, and only recently has Stein’s conjecture (in the context of the extension operator)
come to refer to the inequality above (see [BGNO24)]).

The reason why one might expect (L2) to hold is as follows. One often expects £f to be
controlled in some sense by square functions, maybe of the form g |f |(_;da|2 where O ranges
over some collection of R*-caps for some «. For weighted estimates on quantities of the form
§pa |€%(@)|w(z)dz, one expects the contribution from each term defining the square function to

be concentrated along tubes by a parabolic rescaling argument. The norm | f? 72 measures the
concentration of the L? mass of £f along these tubes in a way that is compatible with square
functions, and so we are led to consider estimates of the form (2.

Note that Stein’s conjecture would directly imply the Mizohata-Takeuchi conjecture since

Llf(c)|2 sup Xul(l ( f () Pdo(s )sup sup Xu(D)do(s) = /a1 X0l o

LIN(s) SET LN (s)

Thus, Theorem implies that Stein’s conjecture is false as stated in Conjecture [L4

1.3. The Kakeya Maximal Conjecture and the Restriction Conjecture. The counterexam-
ple is also interesting because, assuming the Kakeya maximal conjecture, Stein’s conjecture would
imply the restriction conjecture ([BGNO24]).
Consider a Kakeya-type maximal operator M defined on suitably regular weights w : R® — R
by
Muw(w) = supf w, wes!

T|lwJT



A COUNTEREXAMPLE TO THE MIZOHATA-TAKEUCHI CONJECTURE 3

where T an infinitely long tube of width 1. We denote the local maximal function by Mgrpw =
M(w|p). Note that Mg, is equivalent to the standard Kakeya maximal operator, upon a rescaling.
As such, My is expected to satisfy the estimate

|MR] Ln@n)—Ln(sn-1) Se R (1.3)

which is equivalent to the Kakeya maximal conjecture.
2n
To see how this is related to the restriction conjecture, take some f € L»-T(X) and note that

n—

€712 oy = sup iz [ ISP @
weL™(R™) d

by Holder’s inequality. If Stein’s conjecture were to hold, we have

IEFI? 20 < sup JIf(&)IQM(Nz(é))dU(f)

weL™(R™) Jo
From here, if (T3]) holds, then the above implies

&€
1, g gy S RE U,

if ¥ has nonvanishing curvature.

Note that the counterexample presented here only shows that Stein’s conjecture is false up to
a logarithmic factor; if Stein’s conjecture were true locally, then the Kakeya maximal conjecture
would still imply the restriction conjecture.

1.4. L?-wellposedness of first-order pertubations of the Schrédinger equation. The his-
torical value of the Mizohata-Takeuchi conjecture stems from its applications to the well-posedness
of first-order pertubations of the Schrédinger equation. Around 1980, Takeuchi ([Tak74],[Tak80])
was studying the Cauchy problem for operators of the form

L(u) = idu + Au + i bijoju+c(x)u=f (1.4)

Jj=1

The Cauchy problem for (L4)) is L?-wellposed if, given any ug € L2(R™) and f € C?(L?(R")), there
is a unique solution u(x,t) to (I4) for |[t| < T that satisfies the estimate

(1.5)

t
wmmmsﬂwuﬁﬂﬂu@mmw

Takeuchi ([Tak74; [Tak80]) claimed that a sufficient condition for (I5]) to hold is the following:

Re (J Z b;( x—i—su)ujds) <1

where the constant is independent of (x,t,v) € R® x R x S"~!. Later, Mizohata ([Miz85]) showed
that Takeuchi’s argument had an error.
It is well-known that the Cauchy problem for (T4 is closely related to weighted L? estimates of

the form (LTI).
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1.5. The intrinsic value of the Mizohata-Takeuchi Conjecture. Lastly, it is worthwhile to
note that there is some intrinsic value in the Mizohata-Takeuchi conjecture. As noted in [CIW24],
much of the development in Fourier restriction theory has centered around the LP-L¢ mapping
properties of £, and the Mizohata-Takeuchi and Stein conjectures are some of the very few attempts
to understand the shape of the level sets of £ f for various f : ¥ — C.

1.6. Progress on the Mizohata-Takeuchi Conjecture. In this section, we present a chronolog-
ical overview of some important results in the direction of Conjecture[l.Il One of the first influential
results was established by Barcels, Ruiz, and Vega (JBRV97]) which demonstrated the radial case
of the Mizohata-Takeuchi conjecture (see also [CRS92]). This was achieved by directly estimating
Bessel functions and the extension operator on spherical harmonics.

In 2009, Carbery (|Car09]) studied the nature of sets U < R? where X (1y7) is small. In gen-
eral, the study of tube-occupancy of sets is difficult, independently of weighted Fourier extension
estimates (see [DZ24]).

More recently, Shayya (|Sha23]) has studied the extent to which Mizohata-Takeuchi-type esti-
mates can be derived from decay properties of do in the plane. Another important recent devel-
opment was by Ortiz (JOrt23]), in which the Mizohata-Takeuchi conjecture was proven with an
Ri+< loss for the cone in 3 dimensions.

Probably the most influential recent development in the direction of the Mizohata-Takeuchi

conjecture is a result by Carbery, lliopoulou, and Wang (|[CIW24]), in which several special cases

(for the weight) were proven, as well as the general conjecture with R##1 7 loss. The approach was

based on the refined decoupling estimates of Guth, Iosevich, Ou, and Wang ([GIOW20)]).

The R#+1-losses are especially relevant when placed in the context of a recent talk given by
Guth (JGut22)), in which he demonstrates that it is not possible to prove the Mizohata-Takeuchi

conjecture without R# loss using only certain decoupling axioms.

More recently, Bennett, Gutierrez, Nakamura, and Oliveira ([BGNO24]) have explored con-
nections to time-frequency analysis and have proven a related Mizohata-Takeuchi-type inequality
involving Sobolev norms.

1.7. Reformulations. In light of Theorem [[L2] the following local version may be a plausible
reformulation of the Mizohata-Takeuchi conjecture.

Conjecture 1.5 (Local Mizohata-Takeuchi). Under the same hypotheses as Conjecture [T we
have
2 2
| ter@P wede s 81y s [
Br LcRe a line J¢
It is unclear whether one should expect Conjecture to hold, or to expect an R -loss
counterexample in the spirit of Guth’s argument (|Gut22]).

1.8. Outline of this paper. We begin in Section @] by proving L?-based estimates on the X-Ray
transform for positive measures. We then discuss how this can be used to formulate a weaker version
of the Mizohata-Takeuchi conjecture on the Fourier side in Section [3l The construction relies on
an incidence geometry Lemma, which is proven separately in Section Ml

1.9. Acknowledgments. The author would like to express her gratitude to her advisor, Ruixiang
Zhang, for his generous introduction to the beautiful theory of Fourier restriction, as well as for
pointing out the Mizohata-Takeuchi conjecture and reviewing earlier versions of this paper.
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2. X-RAY TRANSFORM ESTIMATES FOR POSITIVE MEASURES

Let v € S, For any weight w : R® — [0, c0), we define X, w(z) = Sgy . w for any z € vt. For
any function p : R™ — C so that p restricts to an LP function on every plane perpendicular to v,
we define the restriction map P,u: R — LP(v1) by P,u()\)(w) = p(Av + w).

In this section, we prove

Theorem 2.1. Let h : R® — C be so that |h|2 = w, for a nonnegative weight w : R — [0, o0).
Then we have the estimate

[Xowl o < | PR 2.1)

La(uh))

for pe [1,00] and ¢ = 25—51. In particular, when p = o0 we have the estimate

HquHLOO < HPVhH;(Ll(uL))

and in this case, the estimate is sharp when h > 0 everywhere.

Proof. The proof is relatively straightforward, once we digest the meaning of the norm appearing
on the right of [2.1). We write

1PoAN) [ agey = (L IR + “”q) q

[Pottl s ooy = (JR (LL (v + w)|q>% ) |

o —

We note that X, w = P,(0) by the projection-slice theorem. We note that

Thus,

Pi(0) = P, (hx h)(0) = JR Ph(A) % Poh()

where [i denotes p o (x — —z) for any function p. Therefore, we have

Xu() -

R

dA

— ‘ 2

Puh(A)(2)

Minkowski’s inequality gives

ﬁyh()\)‘

2
Xowliny < [P,
Applying Hausdorff-Young yields ([2I). Note that, if h > 0 everywhere and p = o0, then both

Minkowski’s inequality and Hausdorff-Young are sharp. O

3. THE PROOF OF THEOREM

This section is divided into four parts:

[B.11 We discuss some preliminary estimates. This part is primarily devoted to posing similar
problems of Mizohata-Takeuchi-type on the Fourier side.

We present a “white lie” proof of Theorem [[L2 to help the reader understand the important
points.

B3l We explain briefly an incidence lemma, which we prove in section @l

3.4l We present a rigorous proof of Theorem
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3.1. Some preliminaries. Let w : Bg — [0,00) be a nonnegative weight. As [CIW24] notes, we
are free to assume that w is locally constant at scale 1, and so w satisfies the necessary regularity
conditions discussed in the previous section. We are interested in the quantity E,,(f,g) : L?(X;do) x
L?(X;do) — C given below.

E,(f,q) = J;Rd Ef(x)Eg(x)w(z)dr = <w%6'fda,w%6'gda>

We should think of E,, as a quadratic form on the Hilbert space L?(3;ds). The Mizohata-Takeuchi
conjecture seeks an upper bound on the largest eigenvalue of F,, in terms of | Xw|; .
.2
As in the previous section, let h : R” — C so that ‘h(:z:)’ = w(x). We write

Eu(f,g) = (h# fdo,h* gdo)

In particular, we note E,,(f, f) = ||h = deHig. Therefore, to prove Theorem [[L2] it suffices to prove
the following.

Proposition 3.1. For any C? hypersurface ¥ < R? there exists for each R > 1, a function
f e L?%;do) and a function h : R? — C with h = Bg, so that the following holds.

2 2 2
Hh * deHL2 Z logR HfHLQ(E;do) HPVhHL2(L1(UL))

for every v e S1

In light of Proposition [3.I] we are led to consider partial progress towards Conjecture in the
following form.

Conjecture 3.2. For any C? hypersurface ¥ < R? with surface measure do and any functions
feL?%;do) and h: R? — C with h < Bg, the following holds

2
Hh * deH2L2 ss R* HfH2L2(Z;da) HPVhHL2(L1(,,L))

for every v e S?-1

To help the reader understand the construction of the counterexample, we present first a “white
lie” version.

3.2. A white lie construction. Throughout this section, we use A ~ B to mean that A and B
are essentially equal, in the sense that B is a suitable approximation of A in some sense that we will
formalize in a later section. The reader may feel free to assume A = B when verifying estimates,
even though A = B is generally false. The point of this notation is to avoid excess detail at the
expense of rigor.

Let &1,--- ,&én © X be a R~ !-separated collection of N ~ log R points in ¥. We will choose the
-1

& later on. Let us set S; = HlBR—l(Ei)ﬁE‘ 1Br(e)~xdo and

L' (Z;do)

We record the following for future use:

R e mao) ~ 1F It miaoy ~ N 3.1)
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The key step is the construction of the following lattice:

- N
Q= {8-5:86 0,1}V, c1 4+ +eny = {;J}
Here, ¢- gdenotes c1&1 + - + cnén by abuse of notation. We now define
h=R"> 15 () (3.2)
q€Q

Note that |Q| = (Lﬁj) ~ N—22N by Stirling’s approximation for the factorial.
2
The choice of scale R™' reflects the locally constant principle:

White Lie 3.3. We have supp(h) < B(R).

We would like a lower bound on || fdo = hHiQ. The operation h — fdo *h sends each ball in ([3.2])
to the sum of the translations of that ball by each of &1, - ,&ny. We will need an estimate of the
following type.

White Lie 3.4. We have S(&;) * 1g(r—1) ~ RdlB(ghRfl)
With this, we are free to write
N
hf~ Z Z Rl vqnr) (3.3)
i=1qeQ

Now, note that > % of the possible values of &; + ¢ satisfy ¢; =0, if ¢ = ¢- { Therefore, at least %
of the values of &; + ¢ will lie in the lattice

@ ={eEee o ar e = | 3] 41

which is a set of size at most (lﬂ]]ZH) ~ |Q|. Since there are a total of N|Q| balls in (8.3)), where
2
each ball has an L2 norm of Rg, we have
s 172 2 N*IQIR! (34)

We would now like to estimate HPVhH2L2(L1(ui))' We recall

HP’/hHiQ(Ll(uJ-)) = fR HPVh()‘)Hil dA

Let K, (\) denote the number of balls in the definition (B:2)) of h that pass through the plane A\v+v+,
so that | P,h(A)] .1 < K, (A\)R. We deduce that |P,h(A)|7: < R2|K,|?.. We use | K, |, ~ R™12N
to obtain

2
[Py < 1Kol 1Kol e ~ B2V [ K| o (3.5)
Combining (B1]), B4), and [B.3]), we obtain
|hx Aol Ze [Kul e 2 NISIZ2 | PR

We will show that |K,||;,» < 1 for every v, for some choice of {{i,---,&x} in Lemma below,
i.e. no plane passes through more than ~ 1 balls in the definition (32) of h. The “white-lie” proof
is now complete, contingent upon the following lemma.
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3.3. An incidence geometry lemma.

Lemma 3.5. For any R > 1 sufficiently large, there exists
o A point §y e X
o A set of N ~ log R points {{1,--+ ,{n} X
so that the following conditions are met.
(i) No plane passes through more than 2¢~1 balls in the collection of balls of radius R~! around
the points ¢1 (&1 — &) + -+ + en (&1 — &) for ce {0, 1}V,
(ii) We have |, — &,| > R~ for every (m,n) € [N]?.

We note that @ is a translate of {c1(& — &) + -+ +en (&1 — &) : e {0, 1}, Zf\;l ci = %]} and
so the point & does not affect our estimates.

The proof of this Lemma is rather involved and may be of independent interest. We postpone
the proof to Section 4]

3.4. A rigorous proof of Proposition 3.1l We now present a rigorous proof of Proposition [3.1]
by the means described in Section 321

Let &, -+, &y with N ~ log R be a collection of points that satisfy the conclusion of Lemma [3.5]
Let n be so that 7 is a smooth cutoff function with 15(c-1) <7 < 1p(¢) for some constant C' > 1
to be determined later, so that 7 is supported in a ball of radius ~ 1; let nr(¢) = RIn(RE) be a
rapidly decaying kernel at scale R~!. For convenience, we assume that 7 is radially symmetric. We

set
ho = ) Op,
PEQ

and choose h = hq * 7g so that h © Bog. Note that |ho| . ~ [k, ~ |Q| and HhHi2 ~ |Q|R.
We set f; = >, S; as in the previous section. We would like to show the following estimate.

|fdo = h;. = | fdo * ho * nr7. = N?|Q|R? (3.6)
‘We have
) N
|f % ho % ng|3s = 3N 89S g * url(s — < + g — ¢)do(<)do(s) (3.7)
EXX i j=1q,q'€Q

Note that nr * ng = (r)? is another rapidly decaying kernel at scale R~!. We morally have
nr*Mr < 1p,, , but the honest kernel has rapidly decaying oscillatory tails. If we set

N
H = Z Z 6£i—5j+q_q,*Tij

1,j=1q,9'€Q
where Tj;(&; — & + ¢) = S; * 5;(C), then we can rewrite (37) as
|f # ho * gl 72 = CH g * ng),

Note that if ¢, §;, and £; are randomly chosen, then there is a > % probability that ¢ + & — &; will
lie in Q). Therefore, we deduce

J H = N?Q| (3.8)
Bp-1(0)

Now, note that we can deduce that that points in @ are separated by at least R~ from
Lemma[3.5 in the sense that every R~!-ball contains < 1 of the points (in fact, their v-projections
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are separated). Since ||Tj;],, ~ 1, Tj; is nonnegative, and Tj; is supported in Byg-1(0), we deduce
that

J H < N2, (3.9)
BR,1 (C)

for any ¢ € R%.

Combining B8] and [B3)), we conclude that (8:6) holds for a suitable choice of n so that n=n >
By (0) and g, (n#n)— < c for some sufficiently small ¢ (here, n#n = (n*n)4 — (n*n)_ is a difference
of nonnegative functions).

To estimate HPl,hH;(Ll(VL)), we note that the method from Section [B.2lmust be modified slightly,

since 1 has a rapidly decaying tail, and therefore we expect some interference between the different
“layers” of (). More concretely, we write

PO < [ Ko )in(h = X)X = Ko+ ()

where K, is defined as in Section B2and pg(X) = Ru(RA) is some rapidly decaying smooth kernel
at scale R~!. We write

|PoAIT 211 iy S IRK, * |72
SO P o P e
<SR | Kyl g | Ko e
SR|Q)
This completes the proof.

4. THE PROOF OF LEMMA

Let ¥  R? be a compact C? hypersurface that is not a subset of a plane. We will see in section
44 that Lemma will follow easily from the following Lemma.

Lemma 4.1. For any R > 1 sufficiently large, there exists
o A point {5 € X
o A set of N ~log R points {1, -+ ,én} X
so that the following conditions are met.
(i) For any direction v € S¥~!, the v-projections of the differences &,, — & lie in nearly dis-

tinct dyadic intervals; that is, if u,, denotes the part of the partition (1) that contains
log, (|7, (€5 — &0)]), then we have

Uy, =u,andm>n = nes, (4.1)
where S, is called the set of bad values of n. The size of S is at most d — 1.
(ii) We have |, — &,| > R for every (m,n) € {1, N}

Remark 4.2. It is much easier to see that the lemma is true if we are allowed to choose different
&, for different v; since ¥ does not lie in a hyperplane, it cannot project to a point, so m,(X) must
contain some line segment from which we can choose &, dyadically.

Before proving Lemma [} we explain the main ideas. First, the condition that ¥ is a hyper-
surface is not necessary as long as we assume that it does not project to a point and is C2. We will
also see that higher order corrections do not play an important role in the proof, so we might as
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well assume that X is smooth. In this case, the desirable region of ¥ is best approximated by the
moment curve Mg.

Md(t) = (tv t27 e 7td) (42)
That is, we should be able to construct &, ~ My(t,) for a nice choice of ¢, and most of the
M(t,) will nearly lie in ¥. Note that if v = (v, -+ ,v4) was close to (1,---,0), say |v1| > ¢ >0,

then the projection m, (M4(t)) would look like a line near t = 0. Motivated by this, we might
decide to set ¢, = 27" dyadically. This also works well if, e.g., v = (0,1,---,0) because then
7, (Ma(ts)) ~ 272", It is remarkably harder to prove that the estimates are uniform over all
possible choice of lines.

It is, in general, difficult to work with neighborhoods of the projections m, (Mgy(t,)) and it
is usually preferable to work with neighborhoods of ¢, prior to projection. We might try setting
B, = B(My(tn),2|Mg(t,—1)|) so that 0 ¢ 7, (B,,) implies that 7, (My(t,)) lies in a dyadic interval
higher than Mg4(|tn—1|), and therefore higher than 7, (Mg4(t,—1)). The advantage here is that the
problem reduces to showing something about how many balls lie on a hyperplane v+ through the
origin, which seems much more tractable.

Unfortunately, this approach fails. To see why, let us choose ¢, = ¢~ for some ¢ > 1, and set
d = 2 for definiteness, so that the B,, are balls of radius ~ ¢ !|t,| = ¢~*~". If we choose v = (0, 1),
then the B,, project to segments of length ~ ¢1=" a distance ~ ¢~2" away from 0. As n gets large,
these segments will overlap a lot because the lengths do not decay fast enough.

In light of the above setback, we might be temped to choose the B, to be rectangles instead.
If we set U, = t, + [-2¢717", 2¢717"] x [-2¢72727,2¢72727], then we might hope that 7, (U,)
contains the origin when 7, (¢,) does not lie in a dyadic interval higher than =, (¢,—;). That is,

if wfzt(iil) € [—2,2] for some k > 1, we would like to see if 0 € 7, (U,). If 7, (t,) = amy (th—k)
for some a € [—2,2], then we would like to show that ¢, — at,_, € U, because we know that
7y (tn — atp—k) = 0. As it turns out, it is not hard to verify that ¢, — at,—x € U, from the
definition of U,,.

When d > 2, the main idea of the proof is to use a projection ¢ : R — R4~! to induct on d. We

define ¢ below.

(@2, ,q)
Ty

(p(xl7 e 7xd) = (4.3)

We will see that ¢ is useful because it reduces the dimension by 1 and it sends hyperplanes in R¢
to (affine) hyperplanes in R9~1. This is the point where the choice ([@2)) of the moment curve is
essential because ¢ o My = My_1. After suitably defining the rectangles U¢ in dimension d > 2,
we will note that 0 € m, (Ug) is equivalent to the statement that the hyperplane v+ that contains 0
also passes through some point of U¢. This will then imply that ¢(v+) meets some point of p(U2).
However, ¢(v+) is just a hyperplane in R~ and we will see that p(UZ) is very close to Uy, 4—1 and
so the problem reduces to a d — 1-dimensional problem.

There is one more complication which arises, namely that after applying ¢, we are dealing with
hyperplanes in general position. Before applying ¢, we were only dealing with hyperplanes through
the origin[l To remedy this, consider fixing a scale d,, ~ |t,| for some n. Note that either p(v+)
will be very far away from the origin, it will be very close to the origin, or it will be a moderate
distance away from the origin. If ¢(v+) is very far from the origin at scale d,,, then there is no risk
of p(v1) passing through p(U%). On the other hand, if p(v1) is very close to the origin at scale d,,,

11t is notable that this is the only reason that the number of “bad” n, i.e. the constant in (£IJ), is dependent on
d.



A COUNTEREXAMPLE TO THE MIZOHATA-TAKEUCHI CONJECTURE 11

then we might as well assume that it meets the origin, in which case we have reduced the problem
completely to the n — 1-dimensional case. For the third case, namely that the distance from @(v+)
to the origin is the same scale as d,,, we are truly without hope. Luckily, it is not possible for very
many t, to meet this fate since there are not many scales d,, that are close to the distant from
©(vt) to the origin.

In view of the principles above, we are ready to formalize the proof.

4.3. The proof of Lemma [4.971 We divide the proof into two lemmas. Lemma [£.3] is the main
argument for the moment curve and Lemma 4] proves that Lemma [Tl for an arbitrary curved C?
hypersurface ¥ reduces to the moment-curve case.

Recall the definition of the moment curve.

Ma(t) = (8,22, t%) @2)
For any ¢ > 1, we set t., = ¢ " and x., = My(t.n). Throughout the proof, we will use the
rescaling symmetry of the moment curve.

Ma(c™'t) = Le o Ma(t)

Here, L.(z) is the entry-wise multiplication of 2 by My(c™1). Notably, we have
Le(zen) = Le(Temn+1)

We also recall the definition of ¢ : R

T2, ,d
(P(xl,...,xd)zy @3)
T
At the core of the argument is the fact that ¢ and L. commute:

poL.=L.op

Here, we written L. for the corresponding scaling in R4~! by abuse of notation. In fact, by a similar
abuse of notation, all of L., M, and ¢ mutually commute.

Given any vector v, let us denote by Q(v) the axially-oriented rectangular box centered at the
origin, whose dimensions are encoded in the entries of the vector 2v. We should imagine v as a
corner of the box. We now define the boxes Uz;i,c,na where b > 1 will be fixed later.

Ul;i,c,n = Te,n + Q(Md(th,n+l)) (4-4)

In the notes following Remark 2] we took b = 2. To digest ([#4), recall that we are looking for
the smallest box so that translations ., + o, remain in the box, for suitably defined a.
Since () commutes with axial rescaling, the boxes Uglﬁcﬁn are related by L.

Le(Uen) = Uienia (4.5)
We are now ready to state and prove the following lemma.
Lemma 4.3. Let d be arbitrary. For ¢ » b » 1 sufficiently large, we have the following.
(i) For any direction v € S¥~! and any (n, k) € Z* with n < k, the projections 7, (Uglﬁcﬁn) and

T (Ugl’c’k) do not overlap unless n € S,. Here, S, is called the set of bad n and |S,| < d—1.

(ii) In particular, the values of log, m, (c.n) are distinct, except for a set of as most d—1 choices
of n.
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Proof. The proof is by induction on d. Note that the d = 1 case is trivial.
The first step is to note that m, (Uglycyn) and 7, (Ull)i,c,k> overlap iff 1 passes through a point

of Ulfl)c)n - Ulfl)c)k. Note that all of the boxes Q(Mg(btc r+1)) in the definition (44]) of Ulfl)c)n will fit
inside Q(Mg(btcn+1)). The points x. j also fit inside this box, so we deduce the following.

d d d
Ub,c,n - Ub,c,k = Ubl,c,n

Here, b1 ~ b is some other scale. Therefore, it suffices to construct a set S, of bad points so that
for n ¢ S, the hyperplane v will not meet Ul;il - This is equivalent to proving that o(vt) does
not meet ‘P(Ulfll,c,n) because ‘P(Ulfll,c,n) is well-defined if ¢ > b;.

We observe that (£5) in dimension d — 1 implies the following:

P(Uf, o) = Le(0(Uf, c1)) (4.6)

Note that cp(Ugth’l) fits inside a box Uglgcll for some by ~ by now that we are at scale by x - -+ x by.
By ([4.3) in dimension d with ([@.6]), we deduce that the box construction of U nearly commutes with
. That is,

(U ) UL!

ba,c,m

Therefore, it suffices to show that ¢(v) does not meet more than d — 1 of the boxes Ugl;in.
We would be done by the induction hypothesis if ¢(v1) were to pass through the origin, so we
assume that 0 ¢ ¢(v+). Consider boxes Q(Mg—1(bste,m+1)) and take mo to be maximal so that
p(v)
Q(Ma_1(bstemy1)) for k > m + 1. We observe that, for n > mg + 1, the hyperplane p(v+) does

not meet Ulfl;cln by maximality of my.

contains a point [ inside such a box. Here, b3 ~ b is so that the boxes Ulfl;clk lie in

If n = mg + 1, then it does not matter if ¢(v) meets Ulifc{n if we can show that at most d — 2
of the values n < mg are bad.

If n < mg + 1, we observe that ¢(v) = [ + vy, where vy is perpendicular to ¢(v+). Thus, it
suffices to show that no more than d — 2 of the translated boxes Ul;i;cl)n — | meet v5-. However,
since | € Q(Mg—1(bstem+1)), we deduce that Ulijc{n —-lc Uli_)cl)n for some by ~ by. Our inductive
hypothesis then implies that at most d — 2 of the boxes Uli:clm meet vy. This completes the

proof. ([

We are now ready to handle the general case of a curved C? hypersurface ¥. We assume that 3
is given near ¢ = 0 as the graph of a C? function ® : R%~1 — R. We write

®d(w) = C(w,w) + o(|w?|) (4.7)

where C' is some quadratic form. We assume additionally that the largest-magnitude eigenvalue of
C corresponds to an eigenvector pointing in the 1, = (1,0,---,0) direction. It is also convenient
to assume by rescaling that C(ny,71) = 1. We will now set

Wp = (Cinv 073n7 Ci4n7 e 7Cidn)

for some ¢ > 1. We set &, = ®(wy,).
We are now ready to prove Lemma 1] for 3.

Lemma 4.4. For sufficiently large n > 0, each &, as defined above lies in the box Ug{c)n for some
choice of b, ¢ consistent with Lemma (4.3
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Proof. Suppose we set Mg(t) = ®(t, 13,14, --- %) so that &, = Mg(c™™). Note that Mg(t)— Mg(t)
lies entirely in the (0,1, - ,0)-direction, so it suffices to prove that this difference lies within the
(0,1,--,0)-width of Uglﬁcﬁn. Recall that this width is O([t?|), so it suffices to show that

Ma(t) — Ma(t) = o([t?])

However, we have

and
(0,82, th)] = O(t]*)
Since the derivative of w — B(w,w) tends to zero as w — 0, we conclude that
B((t,t3,t47 e ,td), (t,t?’,t4, e ,td)) = B((t,0,---,0),(¢,0,---,0)) + o(|t|3) =12 + o(|t|2)

by writing (¢,3,t4,--- ,t%) = (£,0,---,0) + (0,3, ¢4, .- | t?).
This completes the proof upon applying (7). ([l

To finish the proof of Lemma [l note that we can relabel the &, to assume that n is sufficiently
large. The pigeonholing condition ([£1]) is then satisfied by choosing ¢ sufficiently large. The only
step left is then proving that R~' ~ R~!. The smallest separation between two values of &,
will occur when n reaches its maximum, i.e. n ~ N. In particular, the minimum separation is
2 |tn] ~ ¢, We can ensure that ¢ ~ R™! by choosing the right constant in N ~ log R.

Remark 4.5. There is actually another proof of Lemma[LT]that relies on a polynomial-partitioning
technique. Instead of inducting on the dimension d, one can project the moment curve onto a line
to obtain a polynomial whose coefficients are suitably bounded on both sides. The problem then
reduces to a problem about the shape of sets where the polynomial and its derivatives have certain
signs. However, this polynomial-based approach requires some delicate estimates on the shapes of
these sets and how these shapes interact with the corresponding shapes for its derivative. It is also
very difficult to yield the sharp estimate of d — 1 for the number of bad points using this approach,
and it is unclear how to construct the sharp examples for v. It is for these reasons that the approach
included is preferred.

4.4. The proof of Lemma using Lemma .3l To prove the plane condition Lemma (3.5 (i)]
it suffices to show that the projections 7, (E . {) are distinct at scale R~'. Note that, even though

Lemma [4.1] gave only distinct values of log, &;, we can easily guarantee log §; for any K > 0 using
only every log, (K )th value of &;. Let us fix & € {0, 1}V. If

T <E~ E) — Ty (5 . E)‘ <R (4.8)

holds for more than 2471 values of ¢, then (@8] holds for at least one & so that ¢}, # c,, for some
m ¢ S, that is, m is not a bad value, and ¢}, = ¢, for all n € S,.. Let us assume that m is the value
in {1,---, N} where 7, (&, — &) is maximized. Next, note that since the values of 7, (& — 0) lie in
distinct logarithmic intervals of the form [a, a K], we deduce that |7, (§n — &o) | is more than twice
the sum of all |7, (§x — &o) | for k with ¢; # ¢},. This contradicts (L8] by the triangle inequality
applied to Y, +7, (& — &), where the sum is over all values of I where ¢; # .
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